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Over the last 
been
century, the design for shear in reinforced concrete beams has 
uncertain. The reason for this uncertainty is the lack of clear
understanding of the true nature of load carrying mechanism. Researchers 
round the world have developed several shear design procedure as a 
remedy to this uncertainty. Most of them are empirical and some are rational 
which use various mathematical representations of load carrying mechanism. 
Almost all of these mathematical models are complicated and accuracy of is
rather low compared to empirical methods.
With the advancement of concrete technology and introduction of new 
methods, the improvement of accuracy of shear design methods is rather 
unmatchable when compared with flexural design. However, some of the 
new shear design methods were adopted by codes of practice and the design 
formulae were modified by introducing various empirical factors based on 
test. So the shear design has now become very much empirical.
Some of the developed rational methods give good representation of the load 
carrying mechanism of beams. The method proposed here with the objective 
of developing a rational yet simple method, also assumes the load carrying 
mechanism of a beam as a truss. The tension carrying member represents the 
stirrups and the concrete portion is represented by compression member.
For this proposed method, the compression carrying concrete member is 
idealized as a cylindrical element applied with axial compression. The 
behavior of this idealized cylinder is modeled by using mathematical 
techniques like Isotropic and Anisotropic analysis. This developed method is 
compared with several key codes of practice using available test data for
accuracy.
It is found that the proposed method is giving sound representation of the test 
results compared with most other codes of practice. According to the 
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\ Cross sectional area of a stirrup
Cross sectional area of longitudinal reinforcement
Radius of concrete cylinder
Compressive force acting on the cylinder
Expansion in circumferential direction







Diameter of one leg of stirrup 
Modulus of elasticity 
Modulus of elasticity of concrete
Reduced circumferential modulus of elasticity at the outer 





Et Circumferential modulus of elasticity of cracked concrete
Reduced concrete compressive strength
Stirrup-concrete bond stress
Cubic compressive strength of concrete
Cylinder compressive strength of concrete
Yield strength of stirrup steel
Yield strength of longitudinal reinforcement
Tensile strength of concrete
Reduced tensile strength of concrete at the outer surface 









h Constant in hyperbolic stress-crack width equation for 
cracked concrete




Lc Extent of radial cracking
Constant in hyperbolic stress-crack width equation for 
cracked concrete
m
N Number of radial cracks
N* Axial forces in inclined bands
Number of stirrups crossing the crack planen
Radial distancer





Shear forces in inclined bandsV*
Shear capacity of beam
Shear forces carried by concrete
Shear forces carried by steel
Shear capacity of beam from test results






Crack width of radial crackw
Eccentricity of axial force in inclined band of concrete web 
Lever arm of internal moment
x'
z




v Poisson's ratio for concrete
Normal stress in radial direction
Normal stress in axial direction
Hoop stress acting in the circumferential direction
Reduced stress in the circumferential direction due to 
cracking
Shear stress due to bending stiffness of band 
Shear stress due to aggregate interlock
A very small value for radius close to centre (to avoid oo 
stresses)
Crack angle
Length between points where stresses are calculated 







Friction angle (p = cot ip),
Compressive stress normal to crack face 
Stress in web reinforcement
V
&SIV
Shear friction across cracksV
Friction term proportional to normal stressTfa









A beam resists loads primarily by means of internal moments and shears. In 
the design of a reinforced concrete member, flexure is normally considered 
first, leading to the selection of size of the section and the arrangement of 
reinforcement to provide the necessary moment resistance. Limits are placed 
on the amount of flexural reinforcement which can be used to ensure that if 
failure were ever to occur; it would develop gradually, giving warning to the 
occupants. Then the beam is proportioned for shear. Because a shear failure 
is frequently sudden and brittle, as observed in various cases, the design for 
shear always ensures that the shear strength equals or exceeds the flexural 
strength at all points in the beam. That is, the failure by flexure will always 
be prior to shear failure in case of disaster.
At this point a question arises as, "Are the beams designed for shear or Are 
they provided with shear reinforcements to ensure that the flexural failure 
occurs prior to shear failure?" If the second is true then what is done as shear 
design is to provide some stirrups, so that they will delay shear failure. Most 
of the time, the stirrups provided are more than the required amount. So it is 
evident that the shear design has always been a mystery.
The pursuit for finding a better design technique stared with the introduction 
reinforced concrete. Even though the behavior of reinforced concrete in shear 
is studied for more than a century, the problem of determining the shear 
strength of reinforced concrete beams still remains uncertain and open to 
discussion. The reason for this uncertainty is the lack of clear understanding 
of the true nature of load carrying mechanism.
Many design techniques were introduced for shear designing by researchers 
around the world, most of them are empirical. Almost all the empirical 
methods were developed by studying plenty of test data and identifying the 




of each and every parameter and an equation was formed by introducing 
various factors for this identified parameters. With these methods, it is very 
difficult or rather impossible to have a clear understanding of the behavior of 
concrete beam subjected to shear.
Some rational models were also introduced as solution to the search for a 
better shear design procedure. One of these models is the Truss model, 
which made a breakthrough. Compression field theory, Modified 
compression field theory and Shear friction method are some of the 
developed methods, must be mentioned at this point. Some of these methods 
were adopted by various codes of practice use currently. Requirement for the 
accuracy of codes of practice should be fulfilled if the code of practice is to be 
considered reliable. But the accuracy of these rational methods is very poor. 
So these rational methods were modified by introducing empirical factors 
based on test data.
Even with these modifications, the shear strength predicted by currant codes 
of practice for a particular beam section can vary by a factor of more than 2. 
In contrast, the flexural strengths predicted by these same codes are unlikely 
to vary by more than 10%. The reason for this variation is the lack of clear 
understanding of the load carrying mechanism of loaded beams.
For flexure, the plane section hypothesis forms the basis of universally 
accepted, simple, rational theory for predicting flexural strength. In addition, 
simple experiments can be performed on reinforced concrete beams 
subjected to pure flexure and clear results from such tests have been used to 
improve the theory. In shear there is no agreed basis for a rational theory, 
and experiments cannot be conducted on reinforced concrete beams 
subjected to pure shear.
A traditional shear test on a reinforced beam is shown in Fig. 1.1. The region 
of the beam between the two point loads is subjected to pure flexure 
whereas the shear spans of the beam are subjected to constant shear and 
linearly varying moment. Because the internal moment and shear of this 
member are changing from section to section along the shear span, it is 
difficult to use the results of such a test to develop a general theory for shear
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behavior. So it is evident that the empirical formulae developed by only 
processing the test data from such tests will not give a good representation of 
the true behavior of beams subjected to shear. So developing rational method 
is the key for representing the true behavior.
Another advantage of the developed rational methods like Modified 
compression field theory is the complexity of these methods. None of the 
available methods are both rational and simple. So the need for a rational yet 




Figure 1.1: Traditional Beam Testing for Shear
1.2 OBJECTIVES
As the search for a better shear design procedure for reinforced concrete 
beams is not come to an end, this project is expected to be another new step 
forward to end this pursuit. The primary objective is to develop a shear 
design procedure which is rational yet simple. The accuracy of the method is 
only considered as a secondary objective because, due to the brittle and 
sudden nature of shear failure, it is advisable to have a more conservative 
method rather than very accurate. So the model is expected to be 




nalysis procedure to calculate the stressAlso it is expected to adopt an a 
distribution along the radius of a uni-axially loaded cylinder.
1.3 CONCEPT
The loaded reinforced concrete beam under consideration is assumed as a 
truss, where the tension is carried by steel stirrups and the compression by 
diagonal concrete. The slope of the diagonal concrete member is governed 
by die crack angle. The calculation of die shear capacity is done in two steps, 
by calculating the shear capacity of the steel stirrups and die capacity of die 
concrete member.
The calculation of die stirrup strength in tension is straight forward if die 
stirrups are assumed to be yielded. But the capacity of concrete member is 
not easy to calculate by mathematical model. The diagonal concrete member 
is assumed as a cylindrical element for the proposed model. The thick 
cylinder model can be used to find capacity of this cylinder under uni-axial 
compression. Having found both concrete and steel portions of the shear 
capacity, the total shear capacity can be found by simply adding these two 
together.
1.4 CRACKED CONCRETE
The model is defied with the shear failure to occur when the diagonal 
concrete member fails. The cracked concrete is considered as a new material
with specific values of modules of elasticity. The whole process of this 
method is based on the behavior of cracked concrete. The concept of








The design of concrete beams for shear has always been uncertain as the true 
nature of the supporting mechanism has not been clear. Throughout the 
years various models have been developed theoretically to fit the test results 
of the beams in shear. Some of these models have been adopted in various 
codes of practices to give guidelines to design for shear.
Most of the methods used now for shear design were based on a 
mathematical model and they were forced to make good representation of 
the real test data by introducing various empirical factors.
Even though there are several methods developed throughout the history of 
reinforced concrete, it should be accepted the fact that shear design methods 
have not advanced when compared with the advancement of flexural design 
models.
Through out the history several mathematical models were introduced to 
give good representation of the true nature of supporting mechanism, most 
commonly used model is the Truss model.
In this chapter, few of the common mathematical models will be discussed 
deeply with corresponding equation developed for each and every method.
2.2 ELASTIC SOLUTION - UNCRACKED REINFORCED CONCRETE 
BEAMS
In the uncracked state, reinforced concrete (RC) beam be considered as a 
homogenous, elastic material. For a simply-supported, uniformly loaded 
beam, the combination of shear stresses, which are high at the supports, and 
bending stresses, which are high at mid span, cause the principal stress 
trajectories to change directions along the length of the beam (Fig. 2.1 a), as
COHESIVE CRACKING METHOD
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shown, for example. For a brittle material such as concrete, reinforcement is 
provided to carry the tensile stresses. The elastic stress distribution provides 
the basis for using inclined reinforcing bars to resist the effect of shear, as 
shown in Fig. 2.1b.
Modern design methods, however, account for cracking in a 




Figure 2.1(a): Principal stress trajectories for simply - supported beam
Q
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Figure 2.1(b): Reinforcement layout to carry principal tensile stresses
2.3 TRUSS ANALOGY
The truss analogy is known as one of the best mathematical model for shear
design process. In 1899 and 1902, respectively, the Swiss engineer Ritter and 
the German engineer Morsch, independently, published papers proposing
the truss analogy for the design of reinforced concrete beams for shear These
procedures provide an excellent conceptual model to show the forces that 
exist in a cracked concrete beam.
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CHAPTER 2 7
As shown in Fig. 2.2a, a beam with inclined cracks develops compressive 
and tensile forces, C and T, in its top and bottom "flanges," vertical tensions 
in the stirrups and inclined compressive forces in the concrete "diagonals" 
between the inclined cracks.
t





Figure 2.2 (b): Pin-joined truss
This highly indeterminate system of forces is replaced by an analogous truss. 
The simplest truss is shown in Fig. 2.2b; a more complicated truss is shown 
in Fig. 2.3b.
Several assumptions and simplifications are needed to derive the analogous 
truss. In Fig. 2.11b the truss has been formed by lumping all of the stirrups 
cut by section A-A into one vertical member b-c and all the diagonal concrete 
members cut by section B-B into one diagonal member e-f. This diagonal 
member is stressed in compression to resist the shear on section B-B. The 
compression chord along the top of the truss is actually a force in the 
concrete but is shown as a truss member. The compressive members in the
COHESIVE CRACKING METHOD
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really forces in thetruss are shown with dashed lines to imply that they are 
concrete, not separate truss members. The tensile members are shown with
solid lines.
Fig. 2.2a shows a beam with inclined cracks. The left end of this beam can be 
replaced by the truss shown in Fig. 2.3b. In design, the ideal distribution of 
stirrups would correspond to all stirrups reaching yield by the time the 
failure load is reached. It will be assumed, therefore, that all the stirrups have 
yielded and each transmits a force of Av fy across the crack, where Av is the 
of the stirrup legs. When this is done, the truss becomes statically 
determinate. The truss in Fig. 2.3b is referred to as the plastic truss model 
depending on yielding of the stirrups to make it statically 
determinate. The beam will be proportioned so that the stirrups yield before 






Figure 2.3 (a): Pin-joined truss
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Figure 2.3 (b): Pin-joined truss
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Fig. 2.4 shows a uniformly loaded beam with stirrups and a truss model 
incorporating all the stirrups and representing the uniform load as a series of 
concentrated loads at the panel points. The truss in Fig. 2.4b is statically 
indeterminate but can be solved if it is assumed that the forces in each stirrup 
cause that stirrup to just reach yield, as was done in the preceding 
paragraphs. For design, it is easier to represent the truss as shown in Fig. 
2.4c, where the tension force in each vertical member represents the force in 
all the stirrups within a length d cot 6. Similarly, each inclined compression 
strut represents a width of web equal to d cot 9. The uniform load has been 
idealized as concentrated loads of w d cot 9 acting at the panel points. The 
truss in Fig. 2.4c is statically determinate.
If we consider the free-body diagram cut by section A-A parallel to the 
diagonals in the compression field region in Fig. 2.5a, the entire vertical 
component of the shear force is resisted by tension forces in the stirrups 
crossing this section. The horizontal projection of section A-A is d cot 9 and 
the number of stirrups it cuts is d (cot 9) / s. The force in one stirrup is Av /y, 
which can be calculated from:
V s
AJy = (2.1)d cot 6
The free body shown in Fig. 2.5b is cut by a vertical section between G and J 
in Fig. 2.3b. Here the vertical force, V, acting on the section must be resisted 
by an inclined compressive force D = V/ sin 9 in the diagonals (Fig. 2.5c). The 
width of the diagonals is (d cot 9) as shown in Fig. 2.5b and the average 
compressive stress in the diagonals is:
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Figure 2.4: Truss model for design; (a): Beam and reinforcement; (b): Truss model; 
(c): Statically determinate truss
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Figure 2.5 (b): Pin-joined truss (Cut along B-B)
Making use of trigonometric identities, this becomes:
V ( 1
/2 = tan # + (2.3)
tan#b d
where b is the thickness of the web. If the web is very thin, this stress may 
cause the web to crush. Assuming that no stress is transmitted across the 
crack, the principal compression stress (the minor principal stress) in the 
concrete will be parallel to the cracks. For this reason, the concrete stress 
parallel to the cracks has tire symbol fi.
The shear V on section B-B has been replaced by the diagonal compression 
force D and an axial tension force Nv, as shown in Fig. 2.5c.
(2.4)Nv= V cot#
If it is assumed that tire shear stress is constant over tire height of the beam, 
the resultants of D and Nv act at mid height. As a result, a tensile force of M/2 
acts in each of tire top and bottom chords as shown in Fig.2.5b. This reduces 





is loaded to failure, inclinedWhen a reinforced concrete beam with stirrups 
cracks initially develop at an angle of 35° to 
further loading, the angle of the compression stresses may cross some
45° with the horizontal. With
of the
cracks. For this to occur, aggregate interlock must exist.
The allowable range of 6 is expressed as 6 = 64° to 26° in the Swiss code. This 
range was selected to limit crack widths. A more restricted range, 6 = 59 to 
31° is allowed in the European Concrete Committee's Model Code. Based on 





o= 90- e degminmax
The choice of a small value of 6 reduces the number of stirrups required 
(Eqn. (2.1)), but increases the compression stresses in the web (Eqn. (2.2) and 
(2.3)) and increases Nv and hence the shift in the moment diagram. The 
opposite is true for large angles.
The web of the beam will crush if the inclined compressive stress, fi from 
Eqn. (2.3), exceeds the strength of the concrete. The compressive strength, 
fimax of the concrete in a web which has previously been cracked and which 
contains stirrups stressed in tension at an angle to the cracks will tend to be 




2.4 SHEAR FRICTION BY LOOV
The design procedure for shear based on shear friction was developed ini 978 
by Loov, which is,
(2.5)
For the inclined plane shown below in Fig.2.6 with v = S/A and G = R/A, the 
above equation becomes,









Figure 2.6: Free body diagram
For beams the clamping stress is provided by longitudinal reinforcement as 
well as by stirrups but neither are necessarily at yield. The force in the 
reinforcement crossing a crack may also be limited by bond and anchorage.
R = (T-N) sintf-fV-XrJcos#
S =(T-N) cos0 + [V-X7’v]sin0 





Z^cot0 + I -±\Yi{ T-Ny- = 0.5 k2 -cotG [l + cot2#]—-+ cot2 6 C0.25 A:2 CC
(2.7)
Where,
C = fc bh
T, = \ fy
Although Eqn. (2.7) seems rather complex, it is readily solvable for any value 
of 9, C, T, and Tv. Using this equation any beam with any arbitrary stirrup 
spacing can be analyzed by determining the strength along a sufficient 
number of the possible failure planes. The strength is then simply the 
smallest of all the shear strengths found along the different planes.
When T, the force in the longitudinal steel is varied, Eqn. (2.7) indicates that 
the shear capacity should be affected. When the longitudinal force is small, 
the shear capacity is predicted to increase with increasing longitudinal 
tension and to then decrease if the tension exceeds the tension. Topt, that is 
expected to result in the maximum shear strength. Topt can be obtained by 
taking the derivative of V with respect to T in Eqn. (2.7).
(i cot2 e)dv
- cot 0 = 0 (2.8)dT T + cot2 6
0.25k2 C
Topt is itself a function of 9 as shown below,
Topl = 0.25 k2 C (l + sec2 #) (2.9)
For higher shears, the failure plane will be steeper than 45° and die la 
forces are closer to the optimum. For lower shears, the failure plane will be 








Figure 2.7: Possible shear failure planes
The strength along plane 1 of Fig. 2.7 depends on the longitudinal 
reinforcement and the angle of the failure plane as defined by the stirrup 
length and spacing, but is unaffected by stirrup strength. The flattest failure 
plane bypassing the stirrups occurs when cot 9 = s/ds.
— < 0.25 k2 —
C s
This equation gives the shear strength as limited by the strength along a 
crack which bypasses all stirrups.
The strength determined by this equation, based on the strength of the 
weakest potential shear failure plane which bypasses the stirrups, must be 
augmented by a strength check on the weakest plane which intersects the 
stirrups. Restriction for controlling the crack width at service load may also 
need to be considered.
If T in Eqn. (2.7) is set equal to Topt, the equation simplifies to:
V = 0.25k2 C^ + Tv(n-1)
(2.10)
ns
Where n is the number of stirrup spaces, (n - 1) is the number of stirrups 
crossed by the crack, and ds is the height of the stirrup (Fig.2.6). The height of
COHESIVE CRACKING METHOD
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the stirrup is taken as the overall member depth, less the top and bottom 
cover and the diameter of the stirrup reinforcing.
A lower bound can be found by assuming n in Eqn. (2.10) to be a continuous 
function so that we may take the derivative of V with respect to n. This gives 
an expression for n which can be used to determine the angle of the expected 
failure plane and determine the shear strength for a given stirrup spacing.
0.25 k2 C dxn = (2.11)




Further analyzing these equations,
When n = 1
V = 0.25 k2 C —
s
When n = 2
V = 0.25 k2 C A.- + TV2 s
By combining these two equations it can be derived that




Similarly using the following equations where n = n and n = n + V,
V -0.25 k2 C— +Tv(n-1)
n s
V - 0.25 k2 C d + Tv(n)
(n + l) s
It can be derived that,
nT-=i
So it was found that when using shear friction equation, the shear strength of 
the stirrups is always lesser than the half of the total shear stress. On other 
words it can be said that concrete always take at least 50% of the shear stress.
With the above finding Loov (1998) have further developed his shear friction 
method into a much simpler method.
This method is published based on four assumptions,
a) Concrete is assumed to be pre-cracked so that no tension is resisted by the 
concrete. This avoids the necessity for calculations of diagonal tensile 
stresses. (For research, it is sometimes necessary to consider un-cracked 
concrete in order to explain conservative test results.)
b) The strength of the weakest plane will be considered to be the shear 
resistance. Since all other planes will be stronger, there is then no need to 
check them.
c) Shear forces are limited to those that will not cause compression failure in 
the concrete. This avoids the need for calculations of strains and stresses 




assumed to be at yield. This is not 
their ends. To overcome this
d) Stirrups crossing the failure plane are
correct for cracks intercepting stirrups near 
problem, an effective length of stirrup will be used that takes into accou
its end anchorage.
According to the Canadian code of practice for concrete CSA.A23.3-94, the 
following equation is used for shear strength of concrete,
Vc =0.2 A & JfJ bd (2.12)
Based on test results of rectangular beams, V45, the strength of the concrete 
section when the crack is at 45°, can be taken as:
(2.13)
Two differences will be noticed between Eqn. (2.12) and Eqn. (2.13). The 
constant has been increased from 0.2 to fiv, which is much greater than 0.2, 
and the total depth of the section, h. has replaced d. The increase from 0.2 to 
pv, is based on experimental results. The change from d to h is made to avoid 
pointless refinements in the design procedure which have no significant 
benefit.
For angles that differ from 45°, the shear resistance of the concrete is then:
VC=V45 tan#
The shear supported by the stirrups is the force in the stirrups that 
considered to cross the potential shear crack. For the simplified method of 
CSA-A23.3, with a crack at 45° this is given by Eqn. (2.13)
This equation assumes that the number of stirrups crossed by the crack is d/s 
This equation is unduly optimistic! The proposed equation for the 
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Vs=</>sAvfyn = Kl n
It is convenient to call the strength of one stirrup Vsi to avoid having to 
repeat the calculation of this basic quantity time after time. The actual 
number of stirrups crossed by a potential failure crack is designated as n.
Using the new definitions for Vc and Vs the shear resistance of a member can 
be computed by summing the two components as before.
V=v,+ve
The remaining problem is to choose an appropriate angle corresponding to 
the weakest of the potential failure planes. This turns out to be surprisingly 
easy.
The inclination of the critical crack angle can be found if the number of 
stirrups which are crossing the crack is found, to do so the above mentioned 
proof is used; steel takes a maximum of 50% of the shear stress.
So using the proof the number of stirrups crossing the crack is calculated, 










2.5 COMPRESSION FIELD THEORY
The compression field theory is an "exact" solution because it satisfies 
equilibrium, strain compatibility and stress-strain relationships. It 
developed by Mitchell and Collins (1974) following the "tension field theory 
invented by Wagner (1929) to describe the post-local buckling behavior of 
thin webs of steel girders, and is similar to Nielsen's (1967) lower bound 
solution. In contrast to the limit-state analysis of plasticity theory, 
compression field theory describes shear through the entire cracked range up 
to failure. Therefore, neither the concrete nor the reinforcements are at their 
limiting stress in a typical case. Compression field theory idealizes cracked 
concrete as a material with coinciding principal stress and strain axes which 
free to adapt their direction as required by the applied loads.
Equilibrium - This is similar to developments shown for the lower bound 
solution of the plasticity theory. Consider the equilibrium at a cross-section 




Concrete: The vertical component of the diagonal compressive force in the 
concrete, which is inclined at 0 to the longitudinal axis, 
applied shear force (Fig. 2.8a).
must equal the
V - D sin 0 = (/2 b d cos 6) sin 6 
y
f2 = — (tan# + cot#) 
b d (2.16)
Stirrups: In turn, the diagonal compression in the concrete transfers vertical 
force to the stirrups.




Stringers: The longitudinal component of the diagonal compression in the 
concrete is equilibrated by tension in the "stringers":
Nv = Ax fx= V cot 9
Two important assumptions are made:
• The concrete carries no tension after cracking.
• The angle of inclination of the diagonal compressive stress coincides with 
the angle of inclination of the principal compressive strain.
Strain Compatibility: The strain compatibility relationships in the cracked 
web are established using the geometrical transformations represented by 
Mohr's circle of strain as shown in Fig. 2.9b.
From triangle 2Bx in Fig. 2.9b:
r* = 2{£x-£2) cote
while from triangle 2At:
r»= 2(£,-£2)tan0
where ex = longitudinal strain of web (tension is positive),
£t = transverse strain,
shear strain.Yxt =
£2 = principal compressive strain (negative).
From both equations above, we obtain the angle of inclination of the diagonal 
compression:






derived using Mohr’sSince the above strain compatibility relationship was 
circle, the diagonal compression field theory is also sometimes referred to as
the Mohr-compatibility truss.
However, this latter name lacks the physical and historical appeal of the 
former one. The first strain invariant also provides a useful relationship:
£\ + £2 ~£x+£t
Note that, for cracked concrete, these compatibility relationships 
expressed in terms of "average" strains, i.e., strains measured over base 
lengths long enough to include several cracks.
are
Stress-strain Relationships of Cracked Concrete - The concrete web is not 
only in compression in direction 2, but also in tension in direction 1 (Fig. 
2.9a). Vecchio and Collins (1982) tested reinforced concrete panels under 
biaxial stresses (including pure shear) and found that the principal 
compressive stress in the concrete, fi, is a function not only of the principal 
compressive strain 82, but also of the coexisting principal tensile strain 8j.
They suggested the following parabolic stress-strain relationship:
2 4f2=f. (2.19)2 max
£ £
C / \ ” c /
where
/: 12 max _ < 1.0
fc 0.8 + 1704
The presence of transverse tensile strain reduces the compression capacity of 
the concrete. For this reason, this model is sometimes referred 
softened truss model.
to as the
In addition, the reinforcing steel behaves elastically,
fv=Eset
f =E eJ X XX
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Thus we have three equilibrium equations, two strain-compatibility 
equations, and three stress-strain relations to solve for the three stress 
unknowns fi, fV/ fx four strain unknowns £X/ £i, £1, £2 and the angle of the 
diagonal compression 0, or a total of eight equations for eight unknowns. 
With these relations it is possible not only to predict the strength (limit-state) 
but also the load-deformation response of reinforced concrete members 
subjected to shear.
It would be interesting to simplify the stress-strain relationship of concrete to 
linearly elastic-plastic and then compare this "exact" solution to the previous 
plasticity solutions which neglect elastic deformations. For consistency with 
the plasticity solutions, we assume that the stringers are elastic fx = Es £x < fy 
but that the stirrups and the concrete have just reached their elastic limit.
fV=fy
fl=fc £2 — ~£c (is negative)
The shear stress is now the unknown. From Plastic Theory:
tan#T
tan2 # + lfc
From Eqn. (2.17):
A, fy _ A fy fc = A,tan# =





fc fcr 2 





tical imbalancewhile the diagonal tensile stresses pull them together. The 
is carried by tension in the web reinforcement.
ver
A. fv = sin2 f\ cos2 O'jb s (2.22)
From Eqn. (2.21) and (2.22)
1/. A- Al + fcos29v =
sin2 9tan 9 + cot 9 tan 9 + cot 9 b s
cos2 9 4- sin2 9 f\bdA fvbd (l + cot2 9)V = v b d =
(tan 9 + cot 9)sin2 9 tan 9 + cot 9b s
cot2 9 + 1 tan 9 +cot 9
bd+ /i
(tan 9 + cot 9) tan#(tan# + cot#)s
y = \Jj^d tan 9 + cot 9 + /, b d cot 9
tan#(tan# + cot#)s
V =(^
d cot 9 +(/, b d cot 9)
s
V —(Vy)-b(Vc) = Steel contribution + Concrete contribution
So the steel contribution is based on the variable angle truss model, whereas 
the concrete contribution is the shear resisted by tensile stresses in diagonally 
cracked concrete.
Similarly the longitudinal imbalance /j between the diagonal tension and 
compression in the concrete must be carried by the longitudinal steel.
A,/i= (f2cos2 0-f, sin2 d)bd = Vcot 9-fxbd (2.23)
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Equilibrium across Cracks -
In checking the condition at a crack, the actual complex crack pattern is 
idealized as a series of parallel cracks, all occurring at angle 0 (the strut 
angle) to the longitudinal reinforcement (Collins 1993). At low shear values, 
tension is transmitted across cracks by local increases in reinforcement 
stresses. At a certain shear force the stresses in the web reinforcement will 
just reach yield at the crack locations. At higher shear forces, transmitting 
tension across cracks will require local shear stress, vc, on the crack surface. 
The two sets of stresses, at a crack and between cracks, must be statically 
equivalent (see Fig. 2.12). Equivalence of vertical forces at the two locations 
shown in Fig. 2.12a and 2.12b requires:
d \d bd
\fv cos# = AJy + vcbd+ f\s tan # sin# 5 tan #
To maintain this equality, the average tensile stress, fi must be:
4. (/,-/,)
/, = vc tan# + (2.24)
5 b
The concrete contribution, which depends on fi is thus tied to the shear that 
can be transmitted across cracks by aggregate interlock. The ability of the 
crack interface to transmit the shear stress vc depends on the crack width w. 





f 'c - Compressive strength of concrete in MPa 
a -Maximum aggregate size in mm
This equation is based on Walraven's (1981) experiments performed on 
concretes with cube strengths of 13, 37, and 59 MPa and maximum aggregate
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This formula will require further investigation because, for 
high fc, the aggregate may fracture, whereas for low fc fracture goes around 
the aggregate.
The use of the above formula for design requires an estimate of the crack 
width w. It can be taken as the product of the principal tensile strain £1, and 
the average spacing of the diagonal cracks, Sme-
w = ei ^
The spacing of the inclined cracks spends upon the crack control 
characteristics of both the longitudinal and the transverse reinforcement. 
Referring to Fig. 2.13, the diagonal crack spacing can be related to crack 
widths in the vertical and horizontal directions:
size of 32 mm.
1





smx = 21 cx + — + 0.25 k. —mx l x 1 /-v i10; P,




dh = bar diameter




h = 0.4 for deformed bar or 0.8 for plain bar
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Fig. 2.14 further defines the parameters influencing crack spacing.
Finally, equality of the horizontal forces at a crack and between cracks also 
limits the magnitude of the concrete tension to the value corresponding to 
yielding of longitudinal steel at a crack.
29
A*fy*Aafa + fibd+ /.fj(/,-/v) b d c°t2 9
Compatibility - The compatibility equations for the average concrete strains 
the same as described in the compression field theory.are
Stress-Strain Relationship of Cracked Concrete - In addition to having the 
diagonal compressive stress fi as a function of the principal strains 8j and 82 
as in the compression field theory, the modified compression field theory 
also has the diagonal tensile stress fi as a function of £j Based on Vecchio and 
Collins's (1986) tests of reinforced panels made with concrete having a 
compressive strength less than 35 MPa.
Inclination of principal strain, 0















Figure 2.11: (a) Principal stresses in concrete, (b) Tension in web reinforcement, 
(c) Mohr's circle of average concrete stress






Figure 2.13: (a) Inclined cracks due to shear, (b) Vertical crack due to axial 
tension, (c) Horizontal crack due to transverse tension





In this chapter, five different models have been explained clearly. Most of the
pirical formulae forexplained methods are rather complex and use 
design. The modified compression field theory explained in § 2.6, is adopted
em
in the Canadian Code of Practice as the general method. However the shear
strength of concrete is given with empirical formulae in the code of practice. 
So it is evident that if the method is rational then it becomes complicated,
and vise versa.
So with the objective of developing a rational yet simple method, the 








Most of these models discussed In Chapter 2, use a common concept as the 
stress carrying behavior of a concrete beam as similar to a loaded truss; shear 
stress is transferred in terms of compression and tension as in a truss. The 
compression member of a truss is replaced by concrete and the tension 
member by stirrup. The shear strength is the addition of the shear carried by 
stirrups and by concrete; shear carried by the stirrup is very easy to calculate 
as the linear behavior of the steel, but the non linear behavior of the concrete 
is hard to analyze, so most of the models use empirical formulae to predict 
the concrete strength.
In this model a new technique is used to model the behavior of concrete, 
namely the Cohesive Cracking Model.
3.2 ISOLATION OF STRESSES
The isolation of stresses inside the beam is very much similar to the isolation 
done in the Truss model.
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Figure 3.1 (b): Pin-joined truss
distribution is more clearly given in Fig.3.2The stress
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Figure 3.2 (b): Pin-joined truss (Cut along B-B)
The compressive force transferred into the beam is carried by 






The cylinder can be idealized and analyzed according to thick cylinder 
theory, which is to apply an axial compression to the idealized cylinder and 
study the internal stress distribution inside the cylinder.
The cylinder inside the beam is idealized as shown in Fig.3.3. As shown in 
Fig.3.4 (a), a possible crack angle is selected as 8 and the cylinder is selected 
as it is inclined in an angle of 8. Using analysis process the maximum axial 
compression that the cylinder could carry can be calculated.
Having found this axial compressive force D; this can be resolved to vertical 
direction as shown in Fig.3.4 (b), Where Vc is the shear force carried by 
concrete.
Vc =D sin 6 (3.1)
where D = nc2 <7z
Calculating the shear carried by steel stirrups can be calculated by assuming 
that the time of the crack form; the steel stirrups crossing the crack are at the 
yielding limit. If we assume n numbers of stirrups crossing the crack;
V, =n Vsl (3.2)
where Vs is the shear force carried by steel stirrups and Vsi is the strength of 
a single stirrup at yielding limit.
(3.3)VSi = A. fy
So the shear strength of a beam can be written as;
(3.4)v =vc+vs









Figure 3.3: Idealization of cylinder inside beam and application of axial compression





Figure 3.4: Shear carried by concrete as diagonal compression
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3.3.1 Selection of Crack Angle
The calculation process can only be started by selecting a crack angle. The 
selection of crack angle has been a critical issue in all currently used models. 
Some models specify a possible range and some assume the crack angle to be 
45°. From the work of Loov (2000), the possible pattern of crack was 
identified.
As the crack angle is decreased, the shear strength of concrete will decrease, 
as the shear strength of concrete is a directly proportional to sin 6, as in Eqn. 
(3.1). But with lower crack angle, the number of stirrups crossing the crack 
will increase because the number of stirrups crossing the crack can be written 
as in Eqn. (3.5), and the shear strength of steel will increase with the 





So for the lower shear strength, the crack will form at an angle which is lower 
and avoid crossing stirrups. The identified crack pattern will be as shown in 
Fig.3.5.









which connects the point of 
stirrups than any other
the lineThe lowest crack angle will be on 
loading and the support point; this will 
angles, given by crack No.7. The highest crack angle will avoid any stirrup 
as shown by crack No.l. All the cracks in between are also possible. So
cross more
selecting a specific angle is not very easy.
The total shear strength;
(3.6)V = D sin# + n Vsl
d cot 0 -i vslV = D sin# +
V s




Vsi = 0= D cos 0 - (3.7)s sin2 0do
d-v» KS1cos#sin2 0~ Ds
d-vv KS1cos 0 - cos3 0 = Ds (3.8)
By using this Eqn. (3.8), the optimum crack angle 9 can be calculated.
3.3.2 Selection of Cylinder Dimensions
The value of axial compressive stress is a dependant on the size of the 
cylinder, especially the diameter. So selection of the cylinder dimension 
plays an important role in the whole calculation process.
The height of this idealized cylinder is not needed, because even though we 
consider a cylinder, the analysis is done for a selected plane section. This 
plane section is selected as the critical section located inside the cylinder with
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uniform axial stress. With earlier research done 
Shrive (1983), it was proved that the plane section located at the center of the 
height is critical and experience uniform axial stress. As it is assumed that the 
stresses are independent in axial direction, the plane section can be selected 
at any depth of the cylinder.
The important parameter of the whole calculation is the radius of the 
idealized cylinder. It can be simply selected as the half of the beam width as 
in Fig.3.6.
For the crack angle shown in Fig.3.6 the diameter of the idealized cylinder 
can be selected as the width of the beam. But when the crack angle is 
reduced, width will not be always critical.
thick cylinder theory byon











According to Fig.3.7, with the decrement in selected crack angle, the 
governing dimension of beam is shifted from the width to depth. For high 
values of crack angle, the critical plane section under consideration will 
touch the sides of the beam before it touches the top and bottom. But when 
the crack angle is increased, beyond a particular angle critical section will 
reach the top and bottom before it reaches the sides, at this time the depth of 
beam will be the governing parameter.
For the width of beam to be critical; (Fig.3.8)
b
(3.9)
For the depth of beam to be critical; (Fig.3.9)
d
rd = (3.10)2 cos#
By comparing these equations (Eqn. (3.9), (3.10)) 
For width to be critical;
rw < rd (3.11)
b d
<
2 2 cos 6
cos 6 < —
b
if aSo, — > cos # then width is critical so c = -
b 2





Figure 3.7: Variation of cylinder selection with decrease in crack angle, (a) Front 




















The selected plane section of the cylinder can be analyzed using 
mathematical calculations. The section will be uncracked before the 
application of axial compressive stress. The uncracked concrete is a 
homogenous linear elastic material which behaves according to elastic 
theory. So isotropic analysis can be carried out for this uncracked section as 
explained in Appendix A.
Using the equations for radial compressive stress and circumferential tensile 
stress, the stress distribution along the radius can be plotted as in Fig.3.10
Radial compressive stress:
/ 2 X




The crack starts to form when the tensile stress in the circumferential 
direction (oe) exceeds the tensile strength of the concrete (ft). When an axial 
compressive stress is applied the concrete cylinder can undergo sectional 
transformation as shown in Fig.3.11.
The section will be uncracked when it is not loaded with compression. But at 
the time when even a small amount of axial compressive stress is applied 
then according to isotropic analysis explained in Appendix A, Eqn. (A.22), the 
tensile stress in the circumferential direction approaches infinity at the 




































compression. But the part where the tensile stress is lower than the tensile 
strength of the concrete will not be cracked.
With the increment of axial compressive stress, the tensile stress at a 
particular location inside the cylinder along the radius increases, so the 





Figure 3.11: Possible sections, (a) Uncracked; (b) Partially cracked; (c) Fully 
cracked
At a particular value of axial compression, the tip of the crack reaches the 
outer surface of the cylinder, and the cylinder becomes fully cracked.
There can be three possible different types of sections which are formed 
according to the applied axial compressive stress. Namely they are 




3.4.1 Cracked Concrete Analysis
r section, crackWith the application of axial compressive stress to the cylind 
is formed. Once the concrete is cracked the cracked part no longer be
reason for this behavior is that the elastic modulus
linear elastic material. The 
on the circumferential direction will not be a constant as in isotropic analys
Once the crack is formed, the cylinder section is analyzed in two steps, 
isotropic analysis for uncracked part and arusotropic analysis for cracked 
concrete. The anisotropic analysis is given in Appendix B.
3.4.2 Solving the Differential Equation
A non-linear, non-homogenous, 2nd order differential equation (Eqn.(B.ll)) is 
found when the anisotropic analysis is done as in Appendix B. Solution for 
this type of equation is not possible using analytical methods so a numerical 
technique called Runge- Kutta (4th order) method has been used. This is a initial 
value problem, if the numerical values of all parameters in the differential 
equation is known at a particular value of main variable, then the numerical
values of all parameters can be calculated at any value of the main variable 
using Runge- Kutta (4th order) method.
A relationship between internal stresses and other parameters
like Ee, eg and wshould be found to start the solution process. To find this
relationship, the crack pattern in concrete is closely observed.
The crack in concrete will not have a definite crack tip. The real nature of 
crack is shown in Fig.3.12.
At the micro crack level there will be 
concrete because even after the crack is formed, the concrete is 
type of cracking is known as Cohesive Cracking.








Figure 3.12: Nature of crack
3.5 COHESIVE CRACKING
3.5.1 Nature of Fracture Zone
It is instructive to examine a region in the vicinity of a crack in a reinforced 
concrete beam as presented by Hillerborg (1983). This is shown in Fig.3.13. It 
can be seen that there is no defined crack tip. The tensile stress drops 
gradually from its peak value, f to zero. The end of the stress transfer zone 
defines the tip of the real crack. The effective tip of the crack is defined as the 
distance to the peak value of stress corresponding to ft. This type of crack 
formation is known as cohesive cracking. Based on the extremely high tensile 
stress determined from the uncracked analysis; similar cracking can be 
expected to occur in a radial direction near the center of idealized cylinder. 
The situation is illustrated in Fig.3.14.
The length of the damage zone (Lc) is defined as the distance measured from 
the effective crack tip to the center of the cylinder. One difference between 
this and a beam is the increased perimeter and therefore increased crack 
spacing with increases in radius (r).
3.5.2 Stress Distribution along the Crack
At the tip of the crack, the circumferential tensile stress will be equal to the 
tensile strength of the concrete. With the increment of the crack width, the 
tensile stress transferred will decrease. The variation of transferred tensile 
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<- Crack visible to naked eye
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<- End of stress transfera
Real Crack
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Figure 3.13: Damage region and stress transfer. ( Based on : Hillerborg 1983 )
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Figure 3.14: Nature of cracking inside the cylinder
Based on the test data derived from Gopalaratnam and Shah (1985) variation 
of circumferential tensile stress with crack width was plotted. A rectangular 
hyperbola was best fitted by Weerasekera (1991). The chart shown in Fig.3.15 








From Gopalaratnam and Shah
3h\'
2




■=r__ I *0 10 20 30 40 50 60 W 
(/*m)
Figure 3.15: Variation of Circumferential tensile stress with Radial crack width
This chart is normalized so that it can be used for any Grade of concrete. 
Equation for rectangular hyperbola;
m= - hy = (3.12)x + k
y m= - h




y=f, x = 0at
y = 0 at x = w
at? = }> x = x
Substituting these values in Eqn. (3.12);
x yk =
f, xf.-y w
f, x yh = 44-
ft x
w
m = h( w + k )
Comparing Eqn.(3.12) and (3.13);
1=1mk = k m = —
f,/
The normalized curve shown in Fig.3.16 can be used for any grade of 
concrete.
So for any grade of concrete;
m
— hOo =B w + k
k-k = kWhere; (3.14)













/, x + k0.4
0.2
■>0
7050 600 10 20 30 40
w(nm)
Figure 3.16: Normalized Stress-Crack width curve
3.6 SOLUTION PROCEDURE
In order to find all parameters of the differential equation for a particular 
value of main variable; in this case r, following calculations can be carried 
out.
the test data derived from Gopalaratnam and Shah (1985) variation 
of circumferential tensile stress with crack width 











The constant value of m, k, and h can be found using the normalized Stress - 
Crack width curves shown in Fig. 3.16 and Eqn. (3.14), (3.15) and (3.16)
The stress in the circumferential direction can be written as
(3.18)
h
w + k°e =
and
Ec L (3.19)
where gauge length 
L- ^Kr
N
N is the number of assumed radial cracks. (Discussed in § 3.9.1) 




e - strain due tooQ only
Therefore from Eqn. (3.19)
(3.21)<*e
Ee {vJEc + wlL)
This can be written using Eqn. (3.18) as
-H—h
w+k (3.22)E0 =o
—----h\\/ Ec + wN I27rr









-k N !2nr(Jd/Ec +
Differencing Eqn. (3.22) with respect to r, we have














An expression for A can be developed using Eq. (B.8(a)) and (B.8(b)) of 













where <3z- normal stress in axial direction
Eqn. (B.8(b)) can be written as
£~{<7r+ez) (3.27)u = r
Differentiating Eqn. (3.27) with respect to r, gives
du de vcdcrr 
~ Ecdr~^(crr + az) +r — Ec dr
(3.28)
dr




The maximum reduced tensile strength may be determined using Eqns. 
(3.17), (3.19) and (3.20) by eliminating e and w. We obtain a quadratic 
equation as
1 "] kN 
Ec Eg) l7ir
mN khN 
2 nr 2 nr
1 2,1 — cr/+ h ~
1 = 0 (3.30)Gn +e
Ec E,e
This equation can be written as
d\(TQ2+a2oQ + a3=0 (3.31)
Where al9a2 are coefficients of a e2 ,o0 respectively and a3 is the constant in Eqn. 
(3.30)
Therefore the solution can be expressed as
-^2±V^2 "'4qiflt3




















/(b) Fully Cracked Situation /












When a crack extend to the free surface, r = c, the maximum EQ = Ecr, then 
the corresponding ae = /#rin Eqn. (3.32)
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Figure 3.18: Variation of Reduced tensile strength with Reduced Modules 
of Elasticity
The suggested procedure in Appendix B enables the determination of 
displacements u and its derivative du/dr. Therefore from Eqns.(A.3) and 
(A.4) we can find er and eQ;
From Eqn. (B.8(a)) we have
(B.8(aN
Gr = £cer + vfae + vcaz
Also From Eqn. (B.8(b)) we have




By substituting for or and £e from Eqn. 
have from Eqn. (B8(b)) a quadratic equation
(B8(a)) and (3.23)
NEck 
--------°0EceQ + vcEczr + vcgz (1 + vc) + h(v2 
f |[ Ecze + vcEc£r + vco. (1 + vc)]h +
-l) + (3.33)(vf2-l)oe2 + l7tr
?0t£.[klt-nt]\ = 0
This equation can be written as
(3.34)
bta,2+b2a,+b, = 0
coefficients of oe2,oerespectively and Vs the constant inWhere bx,b2 are 
Eqn. (3.33)
Therefore the solution can be expressed as
-b2 ± y]b22 - 4bp, 
°e= 2h
(3.35)
Having foimd all the parameters, the solution for the differential Eqn. (B.ll) 
can be found by using Runge- Kutta (4th order) method as in Appendix B. The 
calculation process of Runge- Kutta (4th order) method is a long process 
computer program is developed to do the calculations. The flow chart of this 
program is given in Appendix C. Using this program the stress distribution 




3.7 PARTIALLY CRACKED SECTION
Using the isotropic analysis the stress at any point along the radius can be 
found as explained in Appendix A, in Eqn. (A.22). By replacing the tensile 
strength of concrete ft for the circumferential stress o0, the crack radius Lc can 
be found.
Lc = (3.36)2/.-KI
Having found this crack radius, the section which is cracked can be identified 
inside the cylinder section. Now at the tip of the crack the circumferential 
stress will be equal to the tensile strength of the concrete. With this, the 
anisotropic analysis can be carried out for the cracked portion of the section 
and the stress distribution can be plotted as in Fig.3.19. For the uncracked 
portion the isotropic analysis can be done to achieve the stress distribution.






According to Eqn. (A.21) the crack radius increases with the increment of 
axial compression. But the maximum radius of the crack will be the radius of 
the cylinder. Beyond this the section becomes fully cracked, and with the 
increment of axial compression oz , the width of the crack at the surface will
increase.
























But the tensile stress o^can have a maximum value of tensile strength of concrete
/,
kl * /, (3.39)
So once the value of axial compression reaches the tensile strength of the 
concrete the crack tip reaches the outer surface, beyond this the section is 
fully cracked.
3.8 FULLY CRACKED SECTION
When the section becomes fully cracked the there won't be any isotropic 
portion left inside the cylinder section, so isotropic analysis can not be used 
at all. Also the boundary condition with the volumetric strain is no longer 
valid.
The tip of the crack will be at the outer surface of the cylinder and it can not 
increase further so the term crack radius is also not valid. To carry out the 
anisotropic analysis as shown in Appendix B using Runge- Kutta (4th order) 
method, the initial numerical values at a specific point along the radius is 
needed. This particular point was selected as a point on the outer surface 
because the radial stress at the outer surface is always known as zero. So to 
continue with the solution process, the value of circumferential stress at the 
outer surface is needed.
The curve shown in Fig. 3.16 can be used to find the circumferential tensile 
stress after cracking for the anisotropic analysis, but to do so, the width of the 
crack should be known.
Isotropic analysis can be carried out for the cylinder section at the time of 
loading just before cracking.
The circumferential tensile stress calculated from this analysis is the cause of 
the formation of crack in section. So the tensile stress at the outer surface 





As the section is not yet cracked, the material will behave as 
rules. So using this, the strain in the circumferential direction at the





The displacement at the outer surface due to the stress can also be calculated,
(3.41)
dn = £n 2KCe o
But for a particular grade of concrete there will be a tensile strength. The 
concrete will fail if the stress applied exceeds this tensile strength. For this 





The maximum possible displacement can also be found;
max — ^ 2 nc (3.43)6 max
The excess displacement will form the crack, so;
N w=dn -d (3.44)e Q max
Using Eqn. (3.44) the width of the crack at the outer surface can be calculated 
for any value for axial compression. Using curve in Fig.3.16, the reduced 
circumferential stress can be calculated for the particular crack





3.9 PROPOSED SHEAR DESIGN PROCEDURE
In the mathematical model developed, it is possible to find the stress 
distribution inside the cylinder section for any value of applied axial 
compression. This can be calculated using the computer program developed. 
Similarly by using the stress distribution we can find the axial compression 
which is should be applied to achieve a specific circumferential tensile stress 
or crack width at a particular location along the radius.
This axial compressive force is used to calculate the shear stress carried by 
concrete. Using this mathematical model the compressive strength of the 
idealized compressive strut can be calculated.
3.9.1 Selection of Number of Cracks
Selection of the number of cracks is also an important issue in this calculation 
process; the following equations which are used in anisotropic analysis and 
boundary condition are dependent of number of crack.
_ 2 nrL =----
N
dn -d = N w6 max
The critical plane section inside the cylinder is selected such a way that at 
any selection; (both critical width and depth) there will be two points on the 
perimeter of the cylinder is touching the outer surface of beam (Fig.3.20). For 
the situation when width is critical, two points touch both sides of the beam 
and when depth is critical, two points touches the top and bottom.
So always there will be two unconfined points in the perimeter of the 
selected cylinder. The crack will first reach surface at these unconfined weak 
points. Also only at these locations, the cylinder will be perfectly represented 
by the thick cylinder analysis because in the model we consider uniaxially 




these locations. Due toequals zero at the outer surface is also matching at 
these reasons the number of cracks is selected as two.




Figure 3.20: Possible number of cracks, (PLAN VIEW)
3.9.2 Selection of Failure Stress at Outer Surface
The mathematical model can be used to find the stress distribution along the 
radius for an applied axial compression. But for the design process the axial 
compression which is responsible for a particular value of stress at the outer 
surface should be calculated, the reverse of the developed mathematical 
model should be followed. Here the input is the failure circumferential stress 
at the outer surface.
Failure circumferential tensile stress at the outer surface is selected 
percentage of the tensile strength of the concrete. Various percentages 
used and the output is compared to the test data available. The percentage 
which gives good representation of tire test data is selected. This is further 
discussed in Chapter 4, § 4.1.2.
as a
are
3.9.3 Finding the Capacity of the Cylinder
After selecting the failure circumferential tensile stress, the 
crack width can be calculated by using Eqn. (3.18) and Fig.3.16.
Now the circumferential displacement which 
calculated by rearranged form of Eqn. (3.44).
corresponding
causes the crack can be
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de — N w+ d0 max
The circumferential strain for this displacement can be calculated by using 
Eqn. (3.41).
d
£e = —— 
2ttc
Having found the strain, the stress can be calculated,
G = - 3 E°
9 (1 + v)
The axial compression which causes this circumferential stress can be 
calculated by using Eqn.(A.22)
The Axial compressive force D can now be calculated.
D-Gz 7UC2
Having found the shear capacity of the cylinder, it is possible to estimate the 
shear capacity of the particular beam by using Eqns. (3.1) to (3.4).
3.9.4 Step for the Proposed Calculation for Designing
The design calculation for the proposed model can be broken into easy steps 
for the convenient of the designer. These steps are:
• Stepl: Identifying possible crack angles (§ 3.3.1)
• Step2: Selecting cylinder radius (§ 3.3.2) for all possible angles
• Step3: Selecting failure stress at outer surface (§ 3.9.2)
• Step4: Finding crack width at outer surface for the selected failure stress
(§ 3.5.2)
• Step5: Finding maximum allowable expansion at the outer surface 
(Eqn.(3.42) & (3.43))




the cracking at the outer
• Step7: Finding the real expansion which causes 
surface (Eqn.(3.44))
• Step8: Finding the tensile stress which is 
(Eqn.(3.40) & (3.41))
• Step9: Finding the axial compressive 
cracking (Eqn.(A.22) and D = 2nr Oz)
• SteplO: Finding the number of stirrups which cross the crack
• Stepll: Finding the shear carried by stirrups (Eqn.(3.2) and (3.3))
• Stepl2: Finding the shear carried by concrete (Eqn.(3.1))
ponsible for this expansionres
force (D) which causes this
• Stepl3: Finding the shear capacity for all possible angles (Eqn.(3.4)
• Stepl4: Finding the critical shear capacity (Minimum of all calculated 
values)
3.10 SUMMARY
In this chapter, a new approach based on cohesive cracking model is 
proposed for shear designing. In this cohesive cracking model, the load 
carrying mechanism is assumed to be similar to a truss. The shear carried by 
concrete is calculated by isolating the compression member as a cylinder. 
Sectional analysis is carried out using isotropic analysis and anisotropic analysis 
for uncracked and cracked concrete portions to find the capacity of the 
compression member. This calculated shear capacity of concrete member is 
summed together with the shear carried by stirrups to find the shear capacity 
of the beam. This design procedure is rather simple and rational, 
accuracy of this proposed method is compared with 
practice using available test data in the next chapter.
The
several key codes of
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COMPARISON WITH TEST DATA AND DISCUSSION
4.1. BEAMS WITH SHEAR REINFORCEMENT
The proposed cohesive cracking mathematical model which is discussed in 
Chapter 3 should be checked for accuracy and conservativeness. For the 
comparison test results are collected from various sources, these beams were 
tested by various researchers for shear. A total of 123 number of test data are 
collected for the comparison of the proposed model in the category of beams 
with shear reinforcement.
V,4.1.1 Comparison ~ Ratio
The accuracy of the proposed cohesive cracking method can be determined 
by using the VjV ratio but to compare this ratio there should be a standard 
range. The selected ranges are given below;
The beam is categorized as
when ^y/ < 0.9 
when 0.9 < < 1.2
when 1.2 < ^y/ < 1.5 
when 1.5 <
As the objective of this project is to find a conservative design procedure, the 
categories Accurate and Reasonable are considered as the governing category. 








is giving a good representation of the shear carrying mechanism 
particular beam.
4.1.2 Selection of Failure Stress
Whole design process is completely dependent on the failure stress selected 
by the designer. After the selection of the cylinder dimension, axial 
compression is applied; this compressive stress is transferred into the 
cylinder in both radial and circumferential direction. The circumferential 
stress will be tensile stress as explained in Appendix A.
Due to this circumferential tensile stress, radial crack is formed. The length of 
the crack will increase with the increment of this axial compressive stress; at 
a particular point the crack will reach the surface of the cylinder. For even 
higher axial compression, the crack width at the surface will increase, and the 
stress transferred in the circumferential direction will decrease. This is 
explained under cohesive cracking in § 3.5. The complete design procedure 
starts with selecting a failure stress at the outer surface and continued by 
finding the corresponding axial compressive force which forms the particular 
crack width that leads to the failure stress.
Several values for this failure stress are selected in percentages of the 
maximum stress transferred which is the tensile strength of the concrete.
The whole calculations are repeated for several 
each of the 123 beams is checked for the 
given in Table.4.1 below,
percentages selected and 
accuracy. The calculated values are
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Table 4.1: Results Variation for Various Failure Stress
Under
EstimatedPercentage Unsafe Accurate Reasonable
100 6.5 19.51 34.15 39.84
95 6.5 21.14 39.0233.33
90 6.5 21.14 34.96 37.02
85 6.5 22.76 34.15 36.59
80 6.5 23.58 34.15 35.77
75 7.32 24.39 34.15 34.15
70 7.32 25.2 36.59 30.89
65 7.32 26.83 37.4 28.46
60 7.32 30.08 37.4 25.2
55 7.32 32.52 39.02 21.14
50 9.76 35.77 34.96 19.51
45 10.57 37.4 34.15 17.89
40 10.57 43.09 30.08 16.26
35 11.38 46.34 28.46 13.82
30 12.2 51.22 26.02 10.57
25 14.63 52.03 25.2 8.13
20 17.07 55.28 22.76 4.88
23.5815 56.1 16.26 4.07
33.33 52.0310 12.2 2.44
47.97 42.28 8.135 1.63
67.48 26.83 4.88 0.810
A graph is plotted for the variation of percentage of beams which falls into 
the defined category. By studying this variation in Fig. 4.1, a best fit 









































4.2. BEAMS WITHOUT SHEAR REINFORCEMENT
The proposed method is also compared with the available test data for beams 
without stirrups. For these beams without stirrups, it is rather difficult to 
select a crack angle. Only the lowest possible angle can be selected for the 
depth to shear span ratio. A total of 214 beam data is collected from various 
publications for the comparison of beams without stirrups.
The calculation is carried out for all beams in the available data base and it is 




Under Estimation 78.04 %
As the selection of crack angle as the lowest possible angle does not give a 
good representation of test data, an appropriate angle must be selected to 
achieve a better correlation.
4.2.1 Selection of Appropriate Crack Angle
The shear capacity calculations were carried out with crack angle varying 
from 20° to 50° for all beams available in data base. As in § 4.1.1, the
governing range is selected as ratio ranging between 0.9 and 1.5 (Both




Table 4.2: Results Variation for Various Crack Angles
Accurate & Reasonable Under Estimation





















40 29.44 69.63 0.93
41 33.18 66.82 0
42 34.58 65.42 0
43 36.45 63.55 0
44 40.19 59.81 0
45 42.52 57.48 0
46 44.39 55.61 0
47 47.2 52.8 0
48 48.6 51.4 0
49 53.74 46.26 0

























































CHAPTER 4 ; which falls into the 
this variation in Fig.
of beamsThe graph shows the variation of percentage
and Reasonable. By studying
defined category Accurate
best fit crack angle is selected as 34 .4.2, a
d that the crack angle to be
At the beginning of the truss model, It is assum
six decades, this assumption wa, used by designers all 
advancement of technology, the researchers
45°. For more than
the world. Now with theover
have found that the crack angle is flatter than 45°, and it is around 30° to 35°. 
In this comparison also, it is clearly visible that a good representation of test 
data is achieved in 30° to 35° of crack angle. For further calculations, the crack
angle is selected as 34°.
4.3 SUMMARY OF RESULTS
4.3.1 Beams with Stirrups
As explained in § 4.1.2, the failure stress at the outer surface is selected as 
30% of the tensile strength of the concrete. The comparison of proposed 
Cohesive Cracking Model with available data for beams with stirrups is 






Under Estimation 10.57 %
4.3.2 Beams without Stirrups
Fo, beams without shear reutforcemenls the failure 
as 30%, similar to the beams 
selection of appropriate crack
Comparison is carried out for beam 
selections and (he result is given below;
stress at the outer surfaceis selected
with shear reinforcements. The
angle is selected as 34° as explained in §4.2.1. 








Under Estimation 12.15 %
4.3.3 Comparison with Key Codes of Practice
The results for beams with and without stirrups are compared with five 
major codes of practice. These codes of practice are the followings;
1. ACI - American Concrete Institute
2. Australian Standards





The shear design calculations are done for each and ever)' codes of practice 




Table 4.3: Comparison with Key Codes of Practice
of Available Test Datapercentage
Under EstimationAccurate & ReasonableUnsafeCategory
WithoutWithWithoutWithWithoutWithStirrups





The main category of interest is the Accurate and Reasonable category, which 
has a VjV ratio from 0.9 to 1.5. When comparing this category, the proposed 
Cohesive Cracking Model is the second best for both beams with and 
without categories. Only the Japanese code of practice is giving better results 
than the proposed method. But the Japanese code of practice is primarily 
based on empirical formulae. So as a 
this proposed method is giving promising results.
rational method for shear designing,
4.4 SUMMARY
In this chapter, the proposed method based cohesive cracking is used to 
calculate the shear capacity of the beams in the collected test data. This data 
is collected from various publications. For the
on
convenient of checking the
accuracy, ft. VJV raho is divided into four caiegorie, The governing range 
for VJV ratio is selected as 0.9 to 1.5 which is the summation of Accu„k m„ 
Rasmobk categories according to the classification.
The percentage of beams in each 
codes of practice. The result shows that the 
representation of test data than the 
Japanese code of practice. The Japanese
category is compared with several key 
pioposed method is giving better 
compared codes of practice except 
practice has empiricalcode of
COHESIVE CRACKING METHOD
CHAPTER 4 77
formulae just like other codes of practice but the factors used to calculate 
shear capacity are refined by plenty of test data. So the results are promising 
for a rational method.
4.5 PROPOSED DESIGN PROCEDURE STEPS
Available Data :
Design Shear Force - Vf 
Beam depth -d
Beam width -b
Concrete Strength - fc'
Strength of a stirrup- Vsi (§3.6.1)
Steps:
1. Find values for m,h&ck using// (§3.4.2)
2. Assume stirrup spacing (s)
3. Identify all possible crack angles (d)
4. Calculate cylinder dimensions for each crack angle (§3.6.2)
5. Find failure axial compression (D) for each cylinder (§3.5.4)
6. Find shear capacity of beam (V) for each crack angle (§3.6.1)
7. Identify minimum value of calculated shear capacity (V) from (step 6.)
8. Check whether V/ « V. If "yes" then stirrup spacing is s (assumed in 
step 2.)
9. If V/ < V, then reduce s and repeat steps 3-8









Based on theoretical investigation following conclusions can be drawn. Here 
comparisons were made between the proposed approach, various codes of 
practice and other empirical formulae that are considered valid examining 
experimental work.
• The research endorses that the truss model still remains a basis to 
explain the shear transfer mechanism.
• Early research work showed 45° angle was used as the inclination of 
the compression strut The result of this investigation shows that this 
strut is much flatter than 45 degree. The actual inclination is 34 degree 
as derived from test data.
• The cylindrical element identified to can}' diagonal compression is a 
simpler basis to predict shear strength of beams.
• A numerical basis has been identified to solve the cylinder carrying 
compression by matching with test results.
• By considering the cohesive cracking approach for shear design 
further improvements have made to the accuracy of such other 
predictions based on truss model.
• The variation of stress around the cylindrical strut can be calculated 
by using the numerical approach developed in the study.
• The available test data of beams without shear reinforcements, it is 
evident that proposed method has a greater degree of validity.






of the beams without shear 
from 0.9 to 1.5 times the





have test shear capacity
shows 77% of the beams with shear• Comparison with test data
reinforcement have shear capacity from test result to shear capacity
calculated from proposed method in 0.9 to 1.5 ranges.
• The proposed method is more reliable than the British code of practice 
which is followed in Sri Lanka. Further the proposed method is easier 
to understand as opposed to complicated empirical formulae.
5.2 RECOMMENDATION
The following recommendations are suggested for further investigations in 
this area of cohesive cracking
• The comparison with test data was limited to normal beams. 
Therefore this method should be extended for deep beams to cover the 
subject.
• Flange beams are also not included in the comparison with test data. 
Further research should be done for sections with flanged 
having T, I and L sections.
• The selection of the cylinder dimension 
flanged sections. Here 
would satisfy all sections.
beams
should be improved for 
attempted thata better definition could be
• The validity of cohesive cracking 
stressed concrete b
concept should be extended for pre- 
eams in order to generalize the findi
ngs.
tested and compared with 
engthen the theoretical ideas considered
• The proposed method should be
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For the element shown in Figure A.l equilibrium of force in the radial 
direction, r, yields
dar dx (A-l)^r=0a_ + r-a„ +er dr dz
Simplification
In the longitudinal direction all the variable are assumed to be independent 
of z, with the finite length Az. Therefore Equation (A.l) reduces to
dor (A.2)r = 0°r-°e + dr
Strain - Displacement Equations
du (A.3)£r=Tdr
u (A.4)£o =-e r
Constitutive Relations
1 -v -v 
-V 1 -V
E -v -v 1
O,
1 (A.5)




be solved in terms of £,., £0 and ozThis set of Equations (A.5 (a), (b), (c)) 




(o-r + — ■ dr)
drr2
drzr(rzr + •dZ)dZ
dr/i yt (Trz +i •dr)i dri
.TvFv
\dZ (r+dr) 69H \A \LONGITUDINAL 
AXIS THROUGH 1 
THE TENDON j 
CENTROID \J







END OF THE BEAM




E f , v(l + v)ca-_^K+ve',+-JldfCTe = (A.7)
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Analytical solution for u
Using Eqs. (A.3), (A.4), (A.6) and (A.7) in equilibrium Eq. (A.2), we 
differential Equation.
obtain the
Vr\r > h (A.8)
This can be solved for u as
(A-9)C2u = c]r + —
r





ctz (l-2v)(l + v) 2 vc,
(T^) (A.12)ez = £(l-v)
Using Eqs. (A.10) and (A.ll) in Eqs. (A.6) and (A.7)
_A_l+3_
r2(l + v)j (1-v)
(A.13)Cl
°r =
_ c. c, VO,O0 =E{----—- + -r-.-2---r > + 7--- —(1-v) r2 (l + v) (1-v)
(A.14)
can be determined using the boundary conditions.
The constant c, and c2
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APPENDIX A conservation of volumetric strain)
Hollow Cylinder (with the
= 0 at any r and when r = c,cr = 0.
AV----= 0
V
£r+£e+et+ £r£e + ££z + £g£z + £r£e£z ~ 0
Ignoring 2nd and 3rd order terms 
€r+€$+€z=0
From Eqs. (A.13) and (A.14) we can find c, and c2 
-<rz(l + v) (A.19)c. = 2 E
_ -<JZ c2 (1 + v)
(A.20)C2 2 E
Using the above values for c, and c2 in Eqs. (A.13) and (A.14) we obtain 
fc2 ^
°r = Gz T "I (A.21)r
ic
~T +1 (A. 22)r
Substituting values of c, and c2 in Eq. (A. 9)
-g.fl+y) c2u = r + —
2 E (A.23)r
Differentiating Eq. (A. 22) w.r.t. r
du _ az (1 + y) fc2 >




ANISOTROPIC ELASTIC ANALYSIS FOR CONCRETE WITH
RADIAL CRACKING
identicalThe equilibrium equations and strain- displacement equations 
to those in Appendix A. However, constitutive relations differ. These can be
are
written in the following general form
M \n -V0r/£e -VJEZ
~ ^rd/^r V^e ~VZe/-^z 
leJ l~vjEr -VQz/EQ \/Ez
a,
(B-l)a,£e
For a /stratified, material, with 6 as the normal direction to the plane of 
stratification (r - z), the anisotropic elastic properties reduce to the following
(B.2)Er=Ez=Ec
E„ is a function of r which can be chosen to fit the particular conditions, i.e.
9
(B.3)Es = g(r)
(B.4)v = V = Vv rz zr y c
(B.5)
V20 = Vr0 = Vc
E*E0 (B.6)—— = V
re Er c Ec
v0r=v
EE (B.7)V. = V 0 — = v 
02 20 E, c Ec




1 C-v«£r -ve (B.8)1
-V, EJEe <*e"v«£e > = —
1 L°«JleJ -V-V
Solving the set of equations (B.8 (a), (b), (c)) in terms of £r,ee>an^ Gz/ stress 
Or and oe can be expressed as
Radial Stress
vc(Ec+vc£e)o.Ec (B.9)[Ece, +vr£0£9] +°r (Ec-yc%) (E'-v/Ee)
Circumferential Stress
vc£e(l+vc)o;EA [Vcer+£s] + (B.10)°9 = K-V^e) {E'~V'%)
Numerical Solution for u
Using Eqs. (A.3), (A.4), (B.9) and (B.10) in equilibrium Eq. (A.2) we obtain the 
different equation
A2[Ec -v/E^+E^E'+rv'E' ir -|du
+ £.[r£,V.£',-£,(E,-v.,£,]i
j r




Eq. (B.ll) above is of the form 2nd order nonlinear 
Therefore an analytical solution is not feasible. To
technique, 4* order Runge - Kutta (R - K) * method Eq. (B.ll) is rearranged 












a = Ec2 [vc2£9 -Ec- rvc2E',] (B.15)
vc2£e)-r£cvcE'e] (B.16)
rvc£c(l + vj£'e]vca.r = [(£c-vc2£e)(£e-£J B.17)
(R - K ) 4 Method
If initial values are u'n,unfn and step size is t, then the following auxiliary 

















The values at the end of the step





DEVELOPED COMPUTER PROGRAME FOR FINDING STRESS 
DISTRIBUTION ALONG THE RADIUS
The Runge- Kutta (4th order) method used for the Anisotropic analysis is 
rather complicated and the manual calculations are difficult. The computer 
program given here can be used to simplify this procedure and find the 
stress distribution along the radius of a cylinder loaded with axial 
compression.
START
Calculate Ge using Isotropic 
Analysis (Appendix A)
*























Determine Initial Values 
(§3.6) 4R-K 4 Method

















Calculate m, h, k 
(§3.5.2)
r = c
Determine Initial Values 
(§3.6) *«-R-K 4 Method
NoIs r - r - S? r 4 r- Sr - r-t
1 r
Calculate








An, Bn, Cn, Dn
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